We present a phenomenological description for an unstable fermion based upon one-loop renormalization of quantum field theory. It is emphasized that wave function renormalization can introduce important CP -conserving and CP -violating phases. Implications for the study of CP violation are examined. Applications are given to CP -violating asymmetries in the t decays: t → bW + , bH + , in which we show that a naive calculation following the standard rule either is incomplete or violates CP T .
Introduction
An important effect introduced by the instability of an unstable particle is to shift the pole location of its propagator to a complex value 1) where m and Γ are respectively the mass and width of the particle. In this paper we emphasize that particle instability also introduces important complications into the dynamics of particle wave functions.
Consider the CP -violating asymmetries in the t decays 2) in a model 1 containing a light charged-Higgs-boson H ± (M H < m t − m b ) with an interaction
(xm b L + ym t R)t + h.c., (1.3) where L(R) = 1 2 (1 ∓ γ 5 ) and x and y are dimensionless parameters. A relative phase of x and y violates CP . For simplicity we ignore family mixings.
The CP asymmetries are generated from the interference of the tree-level amplitudes with higher order corrections to the vertex, mass and wave function ∆ W,H = ∆ W,H (vertex) + ∆ W,H (mass) + ∆ W,H (wave f unction). (1.4) To lowest order of α = e 2 /4π, t has only two decay modes with final states bW + and bH + . They are related by final-state interactions. Adjoining these on-shell finalstate interactions to t → bW + , bH + corresponds to a calculation of an absorptive part of a vertex correction. The interference of the vertex corrections with the tree-level amplitudes produces a CP asymmetry with ∆ W (vertex) = −∆ H (vertex). (1.5) This relation follows because only the 'off-diagonal' final-state interaction bW + ↔ bH + (see Figs. 1c and 1d) is relevant.
2
One may attempt to calculate the mass-renormalization contributions by applying a rule 3 suggested by (1.1) to the interaction lagrangian
( 1.6) While the CP -conserving phase iΓ W in M W factors and hence does not contribute, replacing m t in (1.3) by m t − iΓ t /2 yields to lowest order in x and y
Up to an overall phase arising from a chiral rotation, the standard wavefunction renormalization respects CP from CP T invariance. We will return to this point later. It then follows that if we were to use the standard Dirac algebra to compute the decay rate, we would find 8) indicating (together with Eqs. (1.5) and (1.7) ) that Γ(t → all) − Γ(t → all) = ∆ H (mass) = 0, in violation of CP T .
4
Besides the application of (1.6) being questionable, this seemingly trivial calculation does raise two important questions relevant in general to the study of heavy fermion decays. First, in view of (1.1) it is not clear whether the standard Dirac algebra such as
still holds for a renormalized unstable spinor which has an absorptive part of order α. Second, the conventional interpretation thatt in the h.c. part of L I is the hermitian adjoint of t may well be ambiguous after radiative corrections, since the one-loop renormalized lagrangian may not be hermitian because of particle instability. Obviously, corrections associated with these complications are purely imaginary and of order Γ t ∼ O(α) in amplitudes. In terms of physical observables their effects (if any) are at most of order α 2 in the absence of CP violation.
5
However, if CP is violated, the interference of CP -conserving and CP -violating phases may produce a CP -violating effect which is of order α. The purpose of this paper is to investigate how this order α effect can be treated consistently.
The rest part of this paper is organized as follows. In the next section, we study the lowest order dynamical behavior of an unstable fermion by examining renormalization effects on its propagator. We develop a phenomenological description for an unstable fermion in section 3. Applications are given to the t decays to show how CP T invariance can be restored. Also, we demonstrate how to compute contributions arising from wave function renormalization. Conclusions are presented in section 4. Some technical details are summarized in two appendices.
Dynamics of An Unstable Fermion
The lowest order dynamical behavior of a particle is determined by its propagator. Consider the t-quark as an example. The tree level result is
The one-loop self-energy can be parameterized as 2) where A, B, C and D are form factors specified by a given theoretical model. CP T invariance implies 
from which we have
It follows from the standard on-shell renormalization prescription that the renor-malized top-quark propagator is 6) where
is the renormalized self-energy with Σ Ren (P )| P /=mt = 0, and Q L,R will be defined below. The relationship between m t and m 8) in which a regularized CP -odd phase associated with
removed by a chiral rotation. Up to this overall phase, wave function renormalization rescales the bare fields ψ 0 andψ 0 to
Since A d and B d are real from CP T (see Eq. (2.3)), the wave function renormalization matrix is real and hence respects CP . Q L and Q R are the residuals left over by wave function renormalization 10) in which the ImC a (m t )γ 5 term violates CP .
An interesting feature emerging from this simple exercise is that the effective lagrangian associated with (2.6) is no longer hermitian, because A a (m t ), B a (m t ), C a (m t ) = 0. One important consequence is that the renormalized kinetic energy part of the lagrangian does not have the standard normalization, 7 due to Q L,R (m t ) = 1. The other is that the relation between the renormalized field and its hermitian adjoint differs from that in the usual situation. At tree level ψ 0 andψ 0 are considered as independent variables. Their lowest order dynamics are determined by the Dirac equations, with the solutions thatψ 0 is orthogonal to ψ 0 and thatψ 0 = ψ 0 † γ 0 .
Since wave function renormalization does not change the degrees of freedom, we consider that the renormalized fields 11) remain as independent fields given by their equations of motion. For a stable fermion,ψ andψ = ψ † γ 0 satisfy the same Dirac equation, and thus there is no distinction between them, i.e.,ψ =ψ. However, for an unstable fermion the equations obeyed byψ andψ are different (see below) and henceψ =ψ. In this case, we do not consider that the standard interpretation of wave function renormalizationψ =ψ can be defined unambiguously.
The effective lagrangian associated with (2.6) can be written in terms of 12) so that it has the standard normalization
where for simplicity we have not displayed the counter terms associated with (2.9) explicitly. We refer to ψ ′ andψ ′ as 'energy-eigenstate' fields, for ψ ′ | and |ψ ′ are eigenstates of the Hamiltonian associated with L
ef f . The equations obeyed by ψ ′ andψ ′ are
By contrast,ψ ′ is determined by an equation
which is different from that obeyed byψ ′ . Solutions to (2.14) are summarized in Appendix A. They are analogous in many respects to the standard results. With these results the physical meaning of the renormalized propagator becomes clearer
where S (1) (P ) is given by (2.6) . The conventionally used propagator in the literature turns out to be 17) which is neither 0|T ψ ′ (x)ψ ′ (y)|0 nor 0|T ψ(x)ψ(y)|0 .
Phenomenological Implications
It has long been well known 8 that an unstable particle does not conjugate to its hermitian adjoint. This feature arises automatically in the renormalization prescription discussed above. Instead, ψ ′ andψ ′ are orthogonal to each other (for details see Appendix A), and thus they provide a convenient basis for perturbation expansion
The idea of using conjugate energy-eigenstate fields in perturbation expansion is not new. It can be traced back to the early phenomenological studies of the neutral kaon system . 9, 10 In the present description the state ψ ′ | plays exactly the same role as an 'inverse state' of the neutral kaons introduced in Refs. 9 and 10.
In terms of ψ ′ andψ ′ the free energy part of the effective lagrangian has the standard normalization, but L I receives a correction given by (2.12) due to Q L,R (m t ) = 1. An alternative approach would be to use ψ andψ as the expansion basis
In this picture L I remains basically the same as (1.3), and δL accounts for the changes due to (2.12) . One can show easily that these two approaches are equiva-
lent. In what follows we will use (3.1a) for convenience.
Although L
ef f is to be treated as a 'free' lagrangian, it is important to note that the perturbation expansion given by (3.1) is different from that in the usual situation. The validity of this approach is briefly discussed in Appendix B. In many of its applications the most important step is to transform the renormalized free energy part of the lagrangian into a canonical form such as (2.13). The transformation rules are given in (2.12) . Corrections arising from kinematics and from modifications to the Dirac algebra, which are discussed in Appendix A, often turn out to be unimportant in calculating CP asymmetries.
For the case discussed in Introduction we find that wave function renormalization introduces an order α correction to the decay amplitudes. The results are 2) where ǫ µ is the W polarization, and
In obtaining these results we have assumed for simplicity that b and W are stable.
Diagrammatically these corrections correspond to contributions generated from one-particle reducible graphs connecting an external self-energy to a vertex t → bW, bH (Figs. 1e and 1f ).
In the charged-Higgs-boson decay, the interference between the CP -violating phase Im(x * y) and the CP -conserving phases iA a (m t ) and iB a (m t ) in (3.3) produces a CP asymmetry. To lowest order in x and y, the relevant contribution to A a and B a comes from an intermediate W in the t-quark self-energy with
Substituting (3.4) into (3.3) we find
Effectively, ∆ H (wave f unction) is generated from an interaction in which t decays to an intermediate bW + state followed by a CP -violating final-state s-channel scattering bW + → bH + (Fig. 1e ).
In the W -boson decay channel the CP -violating term ImC a (m t ) induces a CP asymmetry by itself
In this case the relevant interaction is induced by a decay t → bH + followed by an s-channel final-state scattering bH + → bW + (Fig. 1f ). In the model considered in this paper a simple calculation shows
Comparing Eqs. (3.5), (3.6) and (3.7) one sees that
It follows from (1.5) and (3.8) that CP T invariance is restored. In the present description mass renormalization does not contribute to the CP asymmetry, in contrast to (1.7).
Without applying (1.6) one will not encounter the CP T violation difficulty.
However, a naive application of the standard calculation is still incomplete. Indeed, if we were to follow the standard interpretation of wave function renormalization we would have identifiedψ asψ. In that case, a linear transforma- 
The complete result for this asymmetry parameter depends on other details of the model not specified by (1.3) .
Phenomenologically, the CP -violating term ImC a (m t )γ 5 is originated from CP violation in the decay matrix. Hence interactions associated with this term automatically have both CP -violating and CP -conserving phases. Besides the effect discussed above, the ImC a (m t )γ 5 term can generate CP -violating observables in processes involving the operators listed below. Neglecting the CP -conserving phases A a (m t ) and B a (m t ), (2.12) is simplified to
(3.10)
For an asymmetric fermion pair we havē 11) where f represents a stable fermion, i.e., f = t. Also,
For a symmetric fermion pair the results arē
(3.13)
Interactions involving these operators can generate a CP -violating asymmetry in the partial decay rate difference or in the final-state spectrum via spin-correlation or distribution. They may have interesting phenomenological implications in searching for CP violation observables, 11, 12 should ImC a turn out to be sufficiently large.
In the model discussed in this paper ImC a (m t ) is suppressed by m b (see (3.7) ). As far as their magnitudes are concerned, it is much easier for ImC a to be competitive in interactions involving an asymmetric fermion pair than in that involving a symmetry pair. A quantitative study should be done carefully. A similar general discussion can be given to the CP -conserving phases. However, by themselves they do not violate CP .
Conclusion
We have investigated effects introduced by the instability of an unstable fermion on wave function renormalization, and arrived at a phenomenological description.
In many of its applications, the most important step is to transform the renormalized free energy part of the lagrangian into a canonical from such as that given by (2.13) . This prescription provides a practical way of computing one-particle reducible graphs associated with an external self-energy bubble in the on-shell renormalization scheme. Applications are given to the CP -violating asymmetries in the t decays, in which we have shown that a naive application of the standard calculation either is incomplete or violates CP T . It is emphasized that wave function renormalization can introduce important CP -conserving and CP -violating phases. The present description is limited by the requirement that the width of the unstable particle in question is small.
An interesting feature shown by this analysis is that a renormalized unstable fermion does not conjugate to its hermitian adjoint. Therefore, in the study of CP violation it is important to distinguishψ ′ fromψ ′ . We point out that this feature does not pertain only to fermions; it happens to all particles whenever effects arising from particle-width are not negligible. A detailed discussion on the phenomenological description of an unstable boson will be presented elsewhere.
APPENDIX A
The expansion into creation and annihilation operators of the solutions to (2.14) can be written as 1) where k 0 is complex (in the rest frame of the t, k 0 = m t − iΓ/2). In the Dirac representation the spinors are 2) where φ β is the standard two-component spinor.ũ ′ β andṽ ′ β are related to u ′ β and 3) where C = iγ 2 γ 0 is the standard charge conjugation matrix. A remarkable feature of these solutions is thatψ ′ and ψ ′ conjugate to each other
As a result, one can quantize (A.1) by introducing anticommutators 5) and the others are zero. Since ψ ′ does not conjugate toψ
it is important to note that {b
The projection operators 6) have the standard properties
The projection operators which enter into the calculation of the decay rates studied in the context are 8) in which each entry represents a 2 ×2 block. All the results presented above reduce to the standard forms in the limit Γ t = 0.
APPENDIX B
Justifications for perturbation expansions like those given by (3.1a) and (3.1b) have been discussed extensively in Refs. 9 and 10. Here we simply extend their arguments to fermions in field theory.
It is important to note that the energy-eigenstate fields ψ ′ andψ ′ are not physical, i.e., they cannot be prepared or observed. This follows because ψ ′ and ψ ′ do not conjugate to their hermitian adjoints. As a result, it is impossible to interpretψ ′ γ 0 ψ ′ andψ ′ψ′ † as particle density operators. In fact, since L
ef f is invariant under the transformation
where λ is arbitrary, the orthonormality condition between ψ ′ andψ ′ leaves undetermined not only their phases but also their scales. In Appendix A we have chosen λ = 1 for convenience.
As pointed out in Ref. Thus, the ambiguity in the normalization of ψ ′ andψ ′ does not enter in the determination of physical amplitudes.
For example, in the decay t → F , where F is either bW or bH, the amplitude for detecting a F at a time τ f from the decay of t produced at an earlier time τ i is M(t → F ) = F ; τ f |t; τ i = F ; τ f |ψ ′ ; τ i ψ ′ ; τ i |t; τ i
where 4) and P 0 t = m t −iΓ t /2 in the rest frame of t. In practice, the extra factor ψ ′ ; τ i |t; τ i usually introduces a trivial effect. It cancels in the ratio ∆ W,H /Γ(t → all).
The remaining factor in (B.3) is related to a Green's function by a relation similar to the standard reduction formula. For F = b(P b ; α)W (P W ) the final result is
(B.4)
In the last step of (B.4) as well as in obtaining the θ-function we have explicitly assumed that Γ t ≪ m t . This is the condition for the validity of the results presented in this paper.
